Abstract. In this paper, we prove that the minimal number of affine maps on C n , required to form a hypercyclic abelian semigroup on C n is n + 1. We also prove that the action of any abelian group finitely generated by affine maps on C n , is never k-transitive for k ≥ 2.
Introduction
Let M n (C) be the set of all square matrices of order n ≥ 1 with entries in C and GL(n, C) be the group of all invertible matrices of M n (C). A map f : C n −→ C n is called an affine map if there exist A ∈ M n (C) and a ∈ C n such that f (x) = Ax + a, x ∈ C n . We denote f = (A, a), we call A the linear part of f . The map f is invertible if A ∈ GL(n, C). Denote by M A(n, C) the vector space of all affine maps on C n and GA(n, C) the group of all invertible affine maps of M A(n, C). Let G be an abelian affine sub-semigroup of M A(n, C). For a vector x ∈ C n , we consider the orbit of G through x: O G (x) = {f (x) : f ∈ G} ⊂ C n . Denote by E (resp.
• E) the closure (resp. interior) of E. The orbit O G (x) ⊂ C n is dense (resp. locally dense) in C n if O G (x) = C n (resp.
• O G (x) = ∅). The semigroup G is called hypercyclic (or also topologically transitive) (resp. locally hypercyclic) if there exists a point x ∈ C n such that O G (x) is dense (resp. locally dense) in C n . For an account of results and bibliography on hypercyclicity, we refer to the book [6] by Bayart and Matheron. On the other part, let k ≥ 1 be an integer, denote by (C n ) k the k-fold Cartesian product of C n . For every u = (x 1 , . . . , x k ) ∈ (C n ) k , the orbit of u under the action of G on (C n ) k is denoted
In this paper, we give a generalization of the paper [1] in which A.Ayadi proved that any abelian semigroup finitely generated by matrices on C n is never k-transitive for every k ≥ 2.
Our principal results are the following: Theorem 1.1. For every n ≥ 1, any abelian semigroup generated by n affine maps on C n , is not locally hypercyclic. Theorem 1.2. Let G be an abelian sub-semigroup of M A(n, C) and generated by p affine maps, p ≥ 1. Then G is not k-transitive for every k ≥ 2.
Notations and some results for abelian linear semigroup
Let n ∈ N 0 be fixed, denote by:
• C * = C\{0}, R * = R\{0} and N 0 = N\{0}.
• B 0 = (e 1 , . . . , e n+1 ) the canonical basis of C n+1 and I n+1 the identity matrix of GL(n + 1, C). For each m = 1, 2, . . . , n + 1, denote by:
• T * m (C) the group of matrices of the form ( 2) with µ = 0. Let r ∈ N and η = (n 1 , . . . , n r ) ∈ N r 0 such that n 1 + · · · + n r = n + 1. In particular, r ≤ n + 1. Write
• exp : M n+1 (C) −→ GL(n + 1, C) is the matrix exponential map; set exp(M ) = e M , M ∈ M n+1 (C).
• Define the map Φ :
We have the following composition formula
Then Φ is an injective homomorphism of groups. Write
, it is an abelian sub-semigroup of GL(n + 1, C).
• Define the map Ψ :
We can see that Ψ is injective and linear. Hence Ψ(M A(n, C)) is a vector subspace of M n+1 (C). We prove (see Lemma 2.3) that Φ and Ψ are related by the following property
Let consider the normal form of G: By Proposition 2.1, there exists a P ∈ Φ(GA(n, C)) and a partition η of (n + 1) such that
For such a choice of matrix P , we let
, we have P = I n+1 and g = exp −1 (G) ∩ K η,r (C).
• g 1 = g ∩ Ψ(M A(n, C)). It is an additive sub-semigroup of M n+1 (C) (because by Lemma 3.2, g is an additive sub-semigroup of M n+1 (C)).
• G * = G ∩ GA(n, C).
Then q is an additive sub-semigroup of M A(n, C) and we have Ψ(q) = g 1 . By Corollary 2.6, we have exp(Ψ(q)) = Φ(G * ).
For groups of affine maps on K n (K = R or C), their dynamics were recently initiated for some classes in different point of view, (see for instance, [7] , [8] , [9] , [5] ). The purpose here is to give analogous results as for linear abelian sub-semigroup of M n (C).
In [2] , the authors proved the following Proposition:
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, Proposition 2.1) Let G be an abelian subgroup of GA(n, C) and G = Φ(G). Then there exists P ∈ Φ(GA(n, C)) such that P −1 GP is a subgroup of K * η,r (C) ∩ Φ(GA(n, C)), for some r ≤ n + 1 and η = (n 1 , . . . , n r ) ∈ N r 0 .
This proposition can be generalized for any abelian affine semigroup as follow:
, for some r ≤ n + 1 and η = (n 1 , . . . , n r ) ∈ N r 0 . The same proof of Proposition 2.1 remained valid for Proposition 2.2.
H k , where
Denote by G * = G ∩ GL(n + 1, C).
Proof. By Lemmas 2.4 and 2.5, We have G * = exp(g) = exp(g 1 +2iπZI n+1 ) = exp(g 1 ). Since g 1 = Ψ(q), we get exp(Ψ(q)) = Φ(G * ).
3. Proof of Theorem 1.1
Let G be the semi-group generated by G and CI n+1 = {λI n+1 : λ ∈ C}. Then G is an abelian sub-semigroup of M n+1 (C). By Proposition 2.1, there exists P ∈ Φ(GA(n, C)) such that P −1 GP is a subgroup of K η,r (C) for some r ≤ n + 1 and η = (n 1 , . . . , n r ) ∈ N r 0 and this also implies that P −1 GP is a sub-semigroup of K η,r (C). Set g = exp −1 ( G) ∩ (P K η,r (C)P −1 ) and g v 0 = {Bv 0 : B ∈ g}. Then we have the following theorem, applied to G:
, Theorem 1.1) Under the notations above, the following properties are equivalent: Recall that g 1 = g ∩ Ψ(M A(n, C)) and
Lemma 3.3. Under the notations above, one has:
Proof. (i) Let B ∈ g, then e B ∈ G. One can write e B = λA for some λ ∈ C * and A ∈ G. Let µ ∈ C such that e µ = λ, then e B−µI n+1 = A. Since B−µI n+1 ∈ P K η,r (C)P −1 , so B−µI n+1 ∈ exp −1 (G)∩P K η,r (C)P −1 = g. By Corollary 2.5, there exists k ∈ Z such that B ′ := B − µI n+1 + 2ikπI n+1 ∈ g 1 . Then B ∈ g 1 +CI n+1 and hence g ⊂ g 1 +CI n+1 . Since g 1 ⊂ g and CI n+1 ⊂ g, it follows that g 1 + CI n+1 ⊂ g (since g is an additive group, by Lemma 3.2). This proves (i).
(ii) Since Ψ(q) = g 1 and v 0 = (1, w 0 ), we obtain for every f = (B, b) ∈ q,
.
Lemma 3.4. Under notations above, we have:
Proof. The prrof of i) is obvious since v 0 = (1, w 0 ). The proof of ii): By Lemma 3.3, ii), we have g 1 v 0 = {0} × q w 0 ⊂ {0} × C n . The proof follows then by Lemma 3.3, i), because g = g 1 + CI n+1 .
Denote by V ′ = P (V ) and U = p 1 (V ). For such choise of the matrix P ∈ Φ(GA(n + 1, C)), we can write
We have G * is an abelian semigroup of GL(n + 1, C). Then:
Under notations above, we have: (i) every orbit of G * and contained in V ′ is minimal in it.
(ii) if G * has a dense orbit in V ′ then every orbit of V ′ is dense in C n+1 .
Lemma 3.6. [3]
Under notations above, the following assertions are equivalent: (i) G has a dense orbit.
(ii) G * has a dense orbit.
Denote by G * = G ∩ GA(n, C).
Lemma 3.7. Under notations above, we have: (i) every orbit of G * and contained in U ′ is minimal in U ′ .
(ii) if G has a dense orbit in U ′ then every orbit of U ′ is dense in C n .
Proof. (i) (ii)
Lemma 3.8. Under notations above. Let
Proof. Let x ∈ J G (y), then Lemma 3.9. The following assertions are equivalent:
Proof. (i) ⇐⇒ (ii) follows from the fact that {0}×q w 0 = g 1 v 0 (Lemma 3.3,(ii)).
(ii) =⇒ (iii) : By Lemma 3.3,(ii), g v 0 = g 1 v 0 + Cv 0 . Since v 0 = (1, w 0 ) / ∈ {0} × C n and CI n+1 ⊂ g, we obtain Cv 0 ⊂ g v 0 and so Cv 0 ⊂ g v 0 . Therefore 
Lemma 3.10. Let x ∈ C n and G = Φ(G). The following are equivalent:
Proof. 
Recall the following result proved in [3] which applied to G can be stated as following:
Proposition 3.11. ([3] , Proposition 5.1) Let G be an abelian sub-semigroup of M n (C) such that G * is generated by A 1 , . . . , A p and let B 1 , . . . , B p ∈ g such that A k = e B k , k = 1, . . . , p and P ∈ GL(n + 1, C) satisfying P −1 GP ⊂ K η,r (C). Then:
where
Proposition 3.12. Let G be an abelian sub-semigroup of GA(n, C) such that G * is generated by f 1 , . . . , f p and let
., p. Let P be as in Proposition 2.1. Then:
We have
Hence we obtain:
Since J k u 0 = e (k) , we get
The proof is completed.
Recall the following proposition which was proven in [10] :
Then F is dense in C n if and only if for every (s 1 , . . . , s m ) ∈ Z p \{0} :
Proof of Theorem 1.1. Suppose that G is hypercyclic, so G(x) = C n for some x ∈ C n . By Lemma 3.10,(iii), G(1, x) = C n+1 and by Theorem 3.1,
where where
By Proposition 3.12,
Since m := p + r − 1 ≤ 2n then by Lemma 3.13, q w 0 can not be dense in C n , a contradiction.
Proof of Theorem 1.2
Recall that G is an abelian sub-semigroup of M A(n, C), G = Φ(G) and G is the semi-group generated by G and CI n+1 = {λI n+1 : λ ∈ C}. Then G is an abelian sub-semigroup of M n+1 (C). Let k ≥ 1 be an integer, denote by (C n+1 ) k the k-fold Cartesian product of C n+1 . For every u = (x 1 , . . . , x k ) ∈ (C n+1 ) k , the orbit of u under the action of G (resp. G) on
Lemma 4.1. Under above notation. Let k ≥ 2 and u = (x 1 , . . . , x n ) ∈ (C n ) k . Denote by u := ( (1, x 1 ) , . . . , (1, x n )) then the following assertions are equivalent: y 1 ) , . . . , (1, y k ) ). 
